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Abstract
Superbubbles are acyclic induced subgraphs of a digraph with single entrance and exit that naturally
arise in the context of genome assembly and the analysis of genome alignments in computational
biology. These structures can be computed in linear time and are confined to non-symmetric digraphs.
We demonstrate empirically that graph parameters derived from superbubbles provide a convenient
means of distinguishing different classes of real-world graphical models, while being largely unre-
lated to simple, commonly used parameters.
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1 Introduction
Directed networks play an important role in real-world graphical models. Well-documented
examples include hyperlinks connecting web pages, prey–predator relationships, depen-
dencies in project management and scheduling, or chemical reaction networks. Undirected
networks can be seen as special case of directed ones, with each undirected edge corre-
sponding to a pair of arcs in opposite direction (symmetric digraphs). Road networks, for
instance are directed but quite close to symmetric as only a minority of all roads are one-
ways. Although there are many properties of directed graphs that reduce to uninteresting
trivialities in the case of symmetric/undirected graphs (Bang-Jensen & Gutin, 2009), the
most commonly used quantitative characteristics of graph structure, such as density, dis-
tance, betweenness centrality, clustering coefficients, etc. (Baraba´si, 2016), are measures
that are applicable in essentially the same way to both directed and undirected networks.
Therefore, it is interesting to ask whether there are quantitative characteristics that are
in a sense particular to digraphs. Conceptually, these capture properties of digraphs that
have no (interesting) analog in undirected networks. Of course, there are some simple
measures of this type, such as the degree imbalance d+(v)− d−(v) (Mubayi et al., 2001)
Fig. 1. A superbubble 〈s, t〉 (shaded
area) is an acyclic induced subgraph
with a single entrance s and a single
exit t such that every vertex in 〈s, t〉 is
reachable from s and reaches t. Directed
edges leading into or out of interior
vertices of 〈s, t〉 are forbidden (red
dotted edges). In addition, a superbubble
is a minimal induced subgraph with
given entrance s or exit t.
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or directional difference d(x,y)− d(y,x) of the length of shortest paths. All the examples
that we are aware of, however, are “very local” in their nature.
Bubble structures in digraphs recently have attracted interest in computational biology,
where they identify module-like features in genome assembly graphs that can be processed
independently (Paten et al., 2018).
Definition 1 (Superbubble; Onodera et al. (2013); Sung et al. (2015))
A superbubble S = 〈s, t〉 in a digraph G is a minimal, acyclic, induced sub-digraph with
a single entrance s and a single exit t such that (i) no vertex in S can be reached from the
outside without passing through s, (ii) no vertex outside from S is reachable from within S
without passing through t, (iii) every vertex within S is reachable from s and can reach t.
The vertices in V (〈s, t〉)\{s, t} are referred to as the interior vertices of 〈s, t〉.
In particular, for a superbubble 〈s, t〉 there are no induced subgraphs of the form 〈s, t ′〉 or
〈s′, t〉, with t ′ 6= t or s′ 6= s, resp., that satisfy conditions (i), (ii), and (iii). The definition is
illustrated in Fig. 1. It follows directly from the definition that two superbubbles can only
intersect if either one is properly contained in the other or the exit of one serves as the
entrance of the other. As a consequence, the number of superbubbles in a digraph cannot
exceed the number of vertices.
By definition symmetric digraphs do not contain induced acyclic connected subgraphs
with two or more vertices and thus do not contain superbubbles. Since all superbubbles
in a digraph G can be identified and listed in linear time (Brankovic et al., 2016; Ga¨rtner
et al., 2018b; Ga¨rtner & Stadler, 2019), they potentially serve as a genuine characteristic
of directed features in G. The purpose of this contribution is to demonstrate empirically
that superbubbles indeed provide useful quantitative parameters to describe digraphs.
2 Methods
2.1 Enumeration of all Superbubbles
A key feature of superbubbles is that their vertices appear as an interval in the postorder
of certain DFS trees (Brankovic et al., 2016; Ga¨rtner et al., 2018b; Ga¨rtner & Stadler,
2019). Although they may be nested, two superbubbles cannot have the same entrance or
the same exit vertices (Onodera et al., 2013). Hence, the number of superbubbles lies in
O(|V |). Furthermore, it is easy to read off the nesting pattern of superbubbles from the
DFS-post-ordered vertices, when entrance and exit vertices are marked by matching pairs
of parentheses. Since the entrance of a superbubble can be the exit of another one, the extra
symbol () is used for vertices that are both exit and entrance, as shown in Fig. 2.
To detect superbubbles, we use the algorithm of Ga¨rtner & Stadler (2019). First, it
identifies a set of roots for DFSs. Then, every superbubble appears as an uninterrupted
interval in the postorder of the forest composed of the DFS trees. This makes it easy to
compute the size of the superbubbles as well as their nesting patterns in linear time. To list
all superbubbles, the initial vertex of the DFS search must not be an exit or interior vertex
of a superbubble. There are, however, graphs such as the example in Fig. 2 for which every
vertex is an exit or interior point of a superbubble. In such cases an auxiliary graph is
analyzed in which an exit t is split into two, with one copy only retaining the incoming
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Fig. 2. A graph G with four
superbubbles (indicated by the
coloring of the vertices). Below,
superbubbles are annotated as
matching pairs of parentheses
in the DFS order of the vertices
used by CLSD to compute them.
The symbols ( and ) denote the
exit and entrance, respectively.
In this example, every vertex of
G is an exit or an interior vertex,
hence the root 1 of the DFS
search appears twice (see text).
The vertices 11 and 4, marked
by symbol () , are the entrance
of one and the exit of another
superbubble.
and the other retaining only the outgoing edges. We refer to Ga¨rtner & Stadler (2019) for
a detailed description of the algorithm.
In order to provide an efficient tool to determine the superbubbles in large digraphs, we
reimplemented the python toolkit LSD in C++. The CLSD software not only substantially
improves performance, it also provides modules to compute various summary statistics. It
is available at github.1
2.2 Superbubble Descriptors
Superbubbles form the basis of a rich set of graph descriptors. The simplest quantities are
the number of superbubbles, their total size, and measures such as the number of vertices or
edges contained in a superbubble. These quantities are naturally normalized by the number
of vertices.
Since superbubbles are induced acyclic subgraphs, a wide variety of conventional graph
descriptors can be computed from them. The density of a superbubble S, for example, is
defined by ρ(S) := 2|E(S)||V (S)|(|V (S)|−1) , where E(S) and V (S) is the edge set and vertex set of S,
respectively.
Recalling that superbubbles are computed with the help of a special DFS tree T . Note
that several interesting quantities can be computed very efficiently. The reverse finishing
order of a DFS equals the postorder of a DFS tree T (Ga¨rtner & Stadler, 2019). In an acyclic
graph, the postorder implies a topological sorting of the graph (Tarjan, 1972). Therefore,
it is possible to compute the length ` of the longest path as well as the number n of the
distinct paths within each superbubble in linear time. To this end, we start at the exit u
of a superbubble with nu = `u = 0 and propagate the number of paths in postorder to the
1 https://github.com/Fabianexe/clsd
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Fig. 3. Example of a superbubble hierarchy and the tree that represents its nesting
structure. To the left, there is a graph with one superbubble hierarchy with five
superbubbles. Below, a DFS postorder of the hierarchy where the superbubbles are marked
with parentheses and colored bars is shown. To the right, the superbubble tree that
corresponds to the hierarchy is depicted. It is rooted on the superbubble 〈1, 10〉. Thus,
the hierarchy has a maximal depth of three and contains five superbubbles.
entrance:
nx = ∑
y∈N<(x)
ny and `x = max
y∈N<(x)
`y
where N<(x) is the set of neighbors that precede x in postorder. One easily checks that
`x ≤ |V (S)| and nx ≤ 2|V (S)|−2.
Definition 2 ((Non-)trivial Superbubble)
A superbubble consisting only of the entry and the exit node is called trivial, and non-
trivial, otherwise.
We consider trivial superbubbles as a special case since they usually appear much more
frequently in many networks of different types. We therefore do no include them in the
computation of average properties of superbubbles.
Definition 3 (Superbubble Hierarchy)
A superbubble hierarchy is a set S of superbubbles comprising exactly one inclusion-
maximal superbubble S and all superbubbles S′ ⊂ S.
We sayS is flat if it consists of a single superbubble and nested if |S | ≥ 2.
Recall that for two distinct superbubbles S1 and S2 exactly one of the following three
alternatives is true: S1 ⊂ S2, S2 ⊂ S1, or |S1 ∩ S2| ≤ 1. In the last case, no superbubble
can be contained in S1 ∩ S2. Therefore, every superbubble is contained in exactly one
superbubble hierarchy. Although a superbubble hierarchyS in general does not satisfy the
usual axioms for hierarchical set systems, it is still true that the Hasse diagram ofS w. r. t.
to set inclusion is a tree. The corresponding nesting of the superbubbles is easy to identify
in the DFS postorder, see Fig. 2: 〈s′, t ′〉 is included in 〈s, t〉 if the parentheses representing
〈s, t〉 enclose those of 〈s′, t ′〉. The Hasse diagram is faithfully captured by re-interpreting
the pairs of parentheses as nodes in a forest, see Fig. 3. The roots of the constituent trees of
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the forest are the inclusion-maximal superbubbles, while inclusion-minimal superbubbles
appear as leaves.
We use the number of superbubbles in each hierarchy S , i. e., each tree, as well as the
depth of the trees as convenient descriptors. The trees are easily extracted from the DFS-
based string representation in linear time in a single pass: whenever an exit is encountered,
a superbubble is pushed onto the stack and recorded as child of the superbubble previously
on top of the stack (or a root, if the stack was empty). When an entrance is found, the
superbubble is popped from the top of the stack. A constituent tree is completed whenever
the stack is empty.
In the following, we use 14 quantities based on superbubbles: the number of super-
bubbles (S), the fraction of vertices and edges that are in a superbubble (VS and ES),
the number of trivial superbubbles (“mini”, MS), the maximum number of vertices and
edges that a single superbubble has (mVS and mES), the number of superbubble hierarchies
(“complexes”, C), the largest number of superbubbles in one hierarchy (CS), the maximum
depth that a single superbubble has (depth), the maximum number of paths and path length
in one superbubble (P and PL), and the average values of number of paths, path length, and
density (aP, aPL, and SD) for non-minimal superbubbles.
2.3 Other Graph Descriptors
The published literature discusses a plethora of graph descriptors, many of which were de-
signed to parametrize “quantitative structure–activity relationships” (QSAR) in chemistry
(Devillers & Balaban, 2000). The overwhelming majority, however, describes features of
undirected graphs. In contrast to applications in chemistry, where molecular graphs are
typically small, comprising maybe a few hundred nodes, we are interested here in very
large directed networks. We therefore consider only descriptors that can be computed in
(nearly) linear time. In particular, this rules out the different centrality measures (Sabidussi,
1966; Hage & Harary, 1995; Shimbel, 1953; Brandes, 2001; Anderson & Morley, 1985).
In order to investigate the scaling of graph descriptors, we of course record the basic
measures of graph size, i. e., the number of vertices N, number of edges M, and the graph
density GD= MN(N−1) . Other basic descriptors are the number of connected components CC
and the maximal vertex degree ∆. Two commonly used measures derived from the degrees
are the assortativity R (Newman, 2003), which measures the correlation of the degrees of
adjacent vertices, and the normalized self-similarity SS (Li et al., 2005).
Vertex degrees are naturally divided into in- and out-degrees for digraphs. Hence, we
consider the largest in-degree (∆←), the largest out-degree (∆→), and the number of non
singular strongly connected components (SCC), and the fraction of bi-directional edges. If
the latter approaches 1, then the digraph becomes equivalent to an undirected graph, and
no superbubbles can be present. A directed version of the assortativity was introduced in
Foster et al. (2010) considering the correlation between in- and out-degrees of adjacent
vertices, which appears in four combinations R←←, R←→, R→←, and R→→. Finally, we
consider the heterogeneity index H (Ye et al., 2013), which can be considered as a variant
of the directed assortativities.
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2.4 Datasets
We used three standard random network models to generate the first dataset. In the Erdo˝s–
Re´nyi model, directed edges are inserted independently with a probability p that corre-
sponds to the expected graph density (Erdo˝s & Re´nyi, 1959). The Baraba´si–Albert model
(Baraba´si & Albert, 1999; Bolloba´s et al., 2003) uses preferential attachment depending in
a natural way on the in- and out-degrees. In the Watts–Strogatz model, a regular ring lattice
is rewired with a given per-edge probability, see Watts & Strogatz (1998); Bolloba´s et al.
(2003).
Here, we compare directed graphs with N = 10 000 vertices each. For the Erdo˝s–Re´nyi
model, an insertion probability of p = 0.05 was used. In the Baraba´si–Albert model, the
attachment probability was chosen to scale linearly with the vertex degree. The Watts–
Strogatz model was set to use a neighborhood of size 2×5 during the ring lattice construc-
tion, and a rewiring probability of 0.05.
LDBC Graphalytics2 offers benchmark data sets primarily intended for the comparison
of graph analysis platforms. These graphs were simulated using different elaborate random
models and were originally intended as undirected graphs. We obtained directed versions
by re-interpreting the edge lists as directed edges. Three distinct models were used: the
graph500 data set (g500) (Murphy et al., 2010), the “Facebook model” (fb) (Capota˘ et al.,
2015), and a class of graphs with Zipf-distributed vertex degrees (zf) (Metcalf & Casey,
2016).
The Stanford Large Network Dataset Collection (Leskovec & Sosicˇ, 2016) provides a
wide variety of empirical network data for download.3 We used here a subset of the directed
networks.
As further real-life examples we investigated the “supergenome graphs” constructed
from multiple alignments of related genomes. These encode the rearrangements and other
changes of genomes during evolution at larger scales than insertion, deletion, and substitu-
tion of individual nucleotides (letters), see Herbig et al. (2012); Ga¨rtner et al. (2018a). The
graphs used here were all taken from Ga¨rtner et al. (2018a).
3 Results
3.1 Random Graph Models
The simple random models behave very differently. While neither the directed Erdo˝s–
Re´nyi graphs nor the directed Watts–Strogatz small world networks contain any super-
bubbles, they are abundant in the Baraba´si–Albert preferential attachment graphs. With
the parameter settings outlined in the Methods part we find about 0.3 superbubbles per
vertex. No non-trivial superbubbles were observed. Among the LDBC models investigated
here, the zf set shows by far the largest density of superbubbles (about 0.06 per vertex).
These occasionally contain non-trivial superbubbles. A much smaller number of about
0.003 superbubbles per vertex was found in the g500 set, while the fb model rarely
generates superbubbles at all. Taken together, the analysis of the random graphs models
2 https://graphalytics.org/datasets
3 http://snap.stanford.edu/data/
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Fig. 4. Normalized number of superbubbles as a function of and average degree in several
artificial and real-world network datasets. The left-hand side shows all superbubbles, the
right-hand side only non-trivial superbubbles. The datasets are colored as follows: black:
supergenome graphs, red: LDBC dataset, blue: Stanford dataset, green: standard random
models dataset.
shows that the density of superbubble is a sensitive measure that picks up – sometimes
subtle – differences between random graph models.
3.2 Analysis of Real-World Network Data
Most of the graphs from the Stanford Large Network Dataset Collection contain superbub-
bles. However, comparably large values, above 0.01 per vertex, seem to be rare. On the
other hand, only 4 of 37 graphs were devoid of superbubbles.
The datasets email-EuAll4 and soc-sign-epinions5 are notable because their fractions
of vertices in superbubbles are four to five times higher than those of the other datasets
(0.100 and 0.089, respectively). However, these are, as for most of the datasets, trivial
superbubbles in the majority of the cases. The largest fraction of vertices in non-trivial
superbubbles is contained in the web-Google6 dataset and is 0.0025. For a comparison of
the networks from all datasets, we refer to Fig. 4.
There is no clear relation of the frequency of (non-trivial) superbubbles with the average
degree, Fig. 4, or other common measures, although denser digraphs naturally tend to have
more small directed cycles, and thus fewer and smaller superbubbles. We also observe
some clustering association of superbubble abundance with the type of graph generator,
with supergenome graphs having the highest incidence of superbubbles.
4 http://snap.stanford.edu/data/email-EuAll.html
5 http://snap.stanford.edu/data/soc-sign-epinions.html
6 http://snap.stanford.edu/data/web-Google.html
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b Dog canfam2 4 4 0.311 0.197
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Fig. 5. Normalized number of superbubbles in supergenome graphs. Black circles refer
to all superbubbles, red crossed circles denote only non-trivial superbubbles. Each
supergenome graph is derived from a multiple alignment for which we list the the reference
species, the ENSEMBL designation, and the number of species, as well as the normalized
number of all and the non-trivial superbubbles. Note the log–log scale of the graph.
Nested superbubble hierarchies seem to be exceedingly rare in both the usual random
network models and social networks. We only occasionally encountered a hierarchy of
depth 2 in these data, see Supplemental Tables 6 and 12.
3.3 Applications in Sequence Analysis
Superbubbles were first described as features of assembly graphs in computational biology
(Onodera et al., 2013). These graphs describe an intermediate stage in the reconstruction
of genomic sequences from short experimentally determined sequences. A closely related
class of graphs arises from genome-wide multiple sequence alignments. Here, each vertex
denotes a so-called alignment block, i. e., a collection of intervals of genomic sequences
from different species that correspond to each other. Directed edges keep track of the
linear order of sequences within each of the genomic DNA sequences under consideration
(Herbig et al., 2012; Ga¨rtner et al., 2018a).
Fig. 5 shows that these digraphs, which have sizes between 3 783 877 and 30 368 906
vertices, contain a comparatively large number of superbubbles. A large fractions (between
33% and 75%) of the superbubbles in each graph are of the non-trivial type. In comparison,
only a few of the social networks discussed above contain 2–11% of non-trivial superbub-
bles, with less than 1% in most of the examples we analyzed. In supergenome graphs,
usually more vertices are covered by non-trivial superbubbles than by trivial ones (the only
exception are the two Dog-centered alignments). There is an overall negative correlation
of the superbubble abundance with the number of species included in the alignments. An
increase in the number of species implies an increased number of genome rearrangements
detectable in the alignment, which in turn increases the abundance of cycles. Intuitively,
it is plausible that acyclic induced subgraphs – and thus also superbubbles – become less
abundant.
Nested superbubble hierarchies are also more abundant in the supergenome graphs than
in any other class of digraphs we have investigated. While still rare compared to flat
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superbubbles, we find examples with a depth up to 6 in graphs derived from alignments of
both few and many species, see Supplemental Table 3.
4 Concluding Remarks
Superbubbles were introduced here as a means to simplify graphs arising in genome assem-
bly and related applications in computational biology. Since superbubbles are connected
acyclic induced subgraphs, one can expect a negative relationship with the abundance of
small cycles. However, superbubbles and short cycles do not convey the same information.
In particular, superbubbles may also distinguish classes of acyclic graphs, which may have
anywhere between no superbubbles at all and being completely covered by them. Maybe
even more importantly, the list of all superbubbles in a directed graph can be computed
in linear time, and thus they can be obtained and evaluated for very large networks. The
enumeration of short cycles (with length ` ≤ 7) takes O(|V |ω) time and O(|V |2) space
(Alon et al., 1997), where ω ≈ 2.3729 is the “matrix multiplication constant”, which will
in general not be feasible for very large sparse graphs. Only triangles can be enumerated
in O(|E| 2ωω+1 ).
In contrast to most other commonly used descriptors of digraphs, superbubbles are
genuinely a feature of digraphs in the sense that (1) no associated construction exists
for undirected graphs and (2) superbubbles do not exist in symmetric digraphs. In this
contribution, we showed that large numbers of superbubbles appear in directed networks
with Zipf-distributed vertex degrees as well as directed versions of preferential attachment-
based graphs. They also appear in many real-world graphs and seem to be sensitive to
structural features that are not captured well by parameters that depends on local vertex
degrees. While superbubbles are abundant in many graph classes, we find that nested
superbubble hierarchies, i. e., treelike structures composed of superbubbles, appear only in
a few special graph classes. They are most abundant in the graphs deriving from genome
alignments.
The empirical usefulness of superbubbles as a means of quickly computing digraph-
specific numerical descriptors suggests to investigate the theoretical distributions of super-
bubbles – and possibly related locally acyclic structures – in various random graph models.
The clear differences between classes of social network graphs and supergenome graphs,
for examples, also suggests that it will be a worthwhile effort to develop random digraph
models that exhibit large numbers of non-trivial superbubbles and nested superbubble
hierarchies.
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